A real n × n matrix is a Q-matrix if for every k = 1, 2, . . . , n the sum of all k × k principal minors is positive. A digraph D is said to have Q-completion if every partial Q-matrix specifying D can be completed to a Q-matrix. For the Q-completion problem, sufficient conditions for a digraph to have Q-completion are given, necessary conditions for a digraph to have Q-completion are provided, and those digraphs of order at most four that have Q-completion are characterized.
Introduction.
A real n × n matrix A is a P -matrix (P 0 -matrix) if for every k = 1, 2, . . . , n, all the k × k principal minors are positive (nonnegative). A real n × n matrix A is a P + 0 -matrix if for every k = 1, 2, . . . , n, all the k × k principal minors are nonnegative and at least one principal minor of each order is positive. A real n × n matrix A is a Q-matrix if for every k = 1, 2, . . . , n, S k (A) > 0, where S k (A) denotes the sum of all k × k principal minors. Clearly the set of P + 0 -matrices is the intersection of the set of P 0 -matrices with the set of Q-matrices, and every P -matrix is a P + 0 matrix. Spectral properties of Q-matrices and other related classes are discussed in [5] , [6] and [7] .
A partial matrix is a square array in which some entries are specified, while others are free to be chosen. A partial matrix B is a partial P -matrix if every fully specified principal submatrix of B has positive determinant. In many cases, the pattern of specified entries is sufficient to guarantee that any partial P -matrix with this pattern of specified entries can be completed to a P -matrix, and the (combinatorial) P -matrix completion problem involves the study of such patterns. Patterns of entries are usually described by digraphs (see Subsection 1.1). The P -matrix completion problem has been studied (e.g., [10] , [4] ); for a discussion and bibliography of completion problems There is another way to associate a digraph to a (complete) matrix that describes the positions of the nonzero entries of the matrix; this association is particularly useful when studying Q-completions of families of matrices with certain specified entries. The digraph of an n × n matrix A is D(A) = ( n , Let π be a permutation of V . A permutation digraph is a digraph of the form
Clearly each component of a permutation digraph is a cycle.
where the sum is taken over all permutations π of n such that D π is a spanning subdigraph of D(A), and the sum over the empty set is zero.
A permutation subdigraph of a digraph D is a permutation digraph of a subdigraph of D. A digraph D is stratified if D has a permutation subdigraph of order k for every k = 2, 3, . . . , |D|.
Signed digraphs and SNS matrices.
A signing of a digraph is an assignment of a sign (+ or −) to each arc of the digraph; the sign of arc (v, w) is denoted sgn(v, w). The result of a signing is called a signed digraph. The signed digraph D ± (A) of a real square matrix A is obtained from D(A) by assigning sgn(a ij ) to arc (i, j).
The product of the cycle
and the sign of the cycle
Note that what we have called the product of a cycle is called the sign of a directed cycle in [3] , and in that book the digraph or signed digraph of a matrix does not have loops.
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The Q-matrix Completion Problem The ability to sign a digraph so that the sign of every cycle is + is an important tool in finding a Q-completion for certain digraphs (see Section 2.1). By Corollary 1.4, the question of whether a digraph D has such a signing is equivalent to the following question about the adjacency matrix A of D: Is there a (0, 1, −1)-matrix B such that |B| = A, and the matrix B 1 , obtained by replacing every diagonal entry of B by 1, is an SNS matrix? Since such a matrix B can be used to convert the problem of computing the permanent of any matrix having the zero pattern of A to the problem of computing the determinant of a matrix having sign pattern B, B is called a conversion of A and A is called convertible [3, p. 141] . In [12] it is shown that the question of whether a matrix is convertible can be answered in polynomial-time.
Overview.
In this paper we study the following (combinatorial) Q-matrix completion problem: Determine which digraphs have the property that every partial Q-matrix specifying the digraph can be completed to a Q-matrix. That is, determine which digraphs have Q-completion. Our main results are presented in Section 2. Specifically, we establish some sufficient conditions for a digraph to have Q-completion (Subsection 2.1) and some necessary conditions for a digraph to have Q-completion (Subsection 2.2). In Subsection 2.3 we classify digraphs of order at most four as to Q-completion.
The property of being a Q-matrix is preserved under similarity and transposition, but it is not inherited by principal submatrices, as can easily be verified. Thus the Q-matrix completion problem is quite different from completion problems involving P -matrix classes, where principal submatrices inherit the properties of the class under consideration. In Subsection 2.4 we discuss the relationship between the (combinatorial) Q-matrix completion problem and the (combinatorial) P -matrix completion problem. 
Partial Q-matrices and the Q-matrix completion problem.
Recall that a partial matrix B is a partial Q-matrix if S k (B) > 0 for every k = 1, 2, ..., n for which all k × k principal submatrices are fully specified. Note that if all 1 × 1 principal submatrices of B are fully specified (i.e., all diagonal elements are specified), then Tr(B) > 0. If for some k ≥ 2, all k × k principal submatrices are fully specified, then B is fully specified (and therefore B is a Q-matrix). Thus the following proposition, which provides a more useful characterization of partial Q-matrix, is immediate.
Proposition 2.1. A partial matrix B is a partial Q-matrix if and only if exactly one of the following holds:
(i) at least one diagonal entry of B is not specified, (ii) all diagonal entries of B are specified, Tr(B) > 0, and at least one off-diagonal entry of B is not specified, (iii) all entries of B are specified and B is a Q-matrix. specifying D 1 , define the completion A(t) of B by choosing each unspecified entry to be the sign of its arc times t, i.e., x 13 = x 24 = t, x 31 = x 42 = −t. Then
Sufficient conditions for Q-completion. Notice that if
Since B is a partial Q-matrix,
Theorem 2.3. Let D be a digraph such that D is stratified. If it is possible to sign the arcs of D so that the sign of every cycle is +, then D has Q-completion.
Proof. Given a partial Q-matrix B, a completion A(t) is constructed by setting the unspecified entry x ij = sgn(i, j)t (using the sign of the arc in D). Then for each k = 2, . . . , n,
where c k is the number of permutation subdigraphs of order k in D and q k (t) is a polynomial of degree less than k. If D contains all loops, then the trace of any partial Q-matrix specifying D is positive; if D omits a loop, then S 1 (A(t)) = c 1 t + q 0 , where c 1 is the number of loops in D and q 0 ∈ R. So choosing t sufficiently large results in a Q-matrix.
The next theorem shows that Q-completion is inherited by spanning subdigraphs of any digraph that is not complete and has Q-completion. ThenB is a partial Q-matrix, and any completion ofB to a Q-matrix completes B to a Q-matrix.
We obtain the following corollary from Theorem 2.4 and Theorem 2.3. because H is a stratified spanning subdigraph of D 2 that can be signed so that each cycle is + (e.g., by signing all arcs +).
If we can find a signing for D that makes the sign of every cycle +, then the digraph D has Q-completion, and since by Corollary 2.5 we can make the problem easier by removing arcs from D (as long as the result is still stratified), an effective strategy for finding a Q-completion is to look for a signing of a stratified subgraph of D having no arcs that can be removed. A digraph is minimally stratified if it is stratified and the deletion of any arc results in a digraph that is not stratified. The digraph H in Figure 2 .2 is minimally stratified. However, the next example shows that it may not be possible to find a signing that makes the sign of every cycle +, even when D is minimally stratified and D has Q-completion. 
Fig. 2.3. D 3 is minimally stratified and impossible to sign so that the sign of every cycle is +
We use the matrix M for the determination of cycles and signing, to show that D 3 is minimally stratified but cannot be signed so every cycle is positive, even though M is not a Q-matrix since its trace is zero. Assuming all the parameters are nonzero, To sign all cycles +, the following signs are necessary: bcf > 0 from (2.2) (2.5) bghk < 0 from (2.3) (2.6) cf ghk < 0 from (2.5) and (2.6) (2.7) aeghk > 0 from (2.4) (2.8) acef < 0 from (2.7) and (2.8) (2.9) ac < 0, ef < 0 from (2.1) (2.10) acef > 0 from (2.10) (2.11) But (2.9) and (2.11) are contradictory so it is not possible to sign this digraph so every cycle is signed +. 
So by choosing t sufficiently large we obtain a Q-completion of B. Thus D 3 has Q-completion. Proof. Suppose D has Q-completion. Let k ≥ 2, and assume D has no order k permutation digraph. If B 0 is the partial matrix that specifies D with all specified entries zero, and A is a completion of B 0 , then all k × k principal minors of A are zero, so A is not a Q-matrix. This implies that D must be stratified.
Necessary conditions for Q-completion. In our examples (and some of our results) on digraphs that omit a loop and have Q-completion
The converse of Theorem 2.8 is true for the examples we have checked, including all digraphs of order at most four (cf. subsection 2.3). We do not know whether it is true in general.
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Proof. If D has more than n(n − 1) arcs (including loops), then D has fewer than n 2 − n(n − 1) = n arcs. Thus D does not contain an order n permutation digraph.
Therefore by Theorem 2.8, D does not have Q-completion.
It is possible to find a digraph D that omits a loop, has |A D | = n(n − 1), and has Q-completion. 
Fig. 2.4. An order 3 digraph that has Q-completion and has 6 arcs
In the case of a digraph D that contains all loops, it is not necessary that D be stratified, as can be seen by considering the digraph D 1 in Example 2.2. The next theorem gives a necessary but not sufficient condition for a digraph containing all loops to have Q-completion. Proof. Choose u = v. Construct a partial Q-matrix B specifying D by setting b uu = 1 and all other specified entries equal to 0. Since B has a row of zeros (respectively, a column of zeros), det(A) = 0 for any completion A of B, so B cannot be completed to a Q-matrix.
Classification of small digraphs as to Q-completion.
We can apply the previous theorems to classify the digraphs of order at most four that include all loops as to Q-completion.
A family of digraphs that is useful in this classification is the family of fan digraphs. The fan of order n is F n = ( n , P n ∪ S n ) where P n is the path 1 → 2 → · · · → n) and S n is the star with arcs (k, 1), k = 2, . . . , n. See Figure 2 .6. Proof. For order less than four the stated results are an immediate consequence of Proposition 2.18, Theorem 2.4, and Theorem 2.12.
We show that any digraph whose complement has one of the digraphs in Figure  2 .7 as a subdigraph has Q-completion. This has already been established for the first and last of these digraphs. Each of the remaining digraphs is stratified and for each it is easy to choose a signing that makes the sign of every cycle + (for D135, all arcs can be signed + except one of the 2-cycle arcs and another arc on its 3-cycle should be signed −).
With the exception of the complete digraph, any order four digraph whose complement does not contain one of the digraphs in Figure 2 .7 fails the necessary condition given in Theorem 2.12 (in some cases this is more easily seen by applying one of its corollaries or Proposition 2.17). Since the digraph D 8 in Figure 2 .8 omits a loop, it has P -completion (see [8] Figure 2 .9 does not have P -completion as can be seen by deleting vertex 5 (see [10] ). Note that D 9 is stratified. Sign the arcs of The digraph D 10 in Figure 2 .10 does not have P -completion (see [10] ). It does not have Q-completion by Theorem 2.12.
Since a principal submatrix of a P -matrix is a P -matrix, any induced subdigraph of a digraph having P -completion also has P -completion. This is not the case for Q-completion.
Example 2.21. The digraph D 11 in Figure 2 .11 has Q-completion, because D 11 is stratified and can be signed so the sign of each cycle is + (e.g., sgn(1, 1) = sgn(1, 3) = sgn(3, 2) = sgn(2, 1) = + and sgn(3, 1) = −). We have also obtained conditions that are sufficient to ensure D has Q-completion (Theorem 2.3, Corollary 2.5); these conditions are not necessary for digraphs that contain all loops, in the sense that the complement need not be stratified (cf. Example 2.1), and even if it is minimally stratified there need not be a signing that makes all cycles of the complement positive (cf. Example 2.3).
